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The main result of this paper is the complete characterization of maximal 
sum-free sets in Abelian groups of order 3”n(m > 1) where every prime divisor 
p of n (if n > 1) is congruent to 1 modulo 3. A few previous results of the author 
on addition theorems of group theory are also sharpened and/or improved. 
1. 
Let G be an additive group with nonempty subsets S and T. Let 
S f T = {s -J= t; s ES, t E T}, let 3 be the set complement of S in G, 
and let 1 S j be the cardinality of S. We say that S is sum-free in G if S 
and S + S have no common element and that S is maximal sum-free 
in G if S is sum-free in G and I S I 3 1 T I for every T sum-free in G. 
We denote by h(G) the cardinality of a maximal sum-free set in G. We 
say that S is in a.p. (arithmetic progression) with difference d if 
S = {s, s + d,..., s + nd} for some s, d E G and some integer n 3 0. 
S is said to be quasiperiodic if there exists a subgroup H, of order 22, 
of G such that S is the disjoint union of a nonempty set S’ consisting of 
H-cosets and a residue set S” contained in a remaining H-coset. A prime 
number p is said to be bad if p is congruent to 1 modulo 3. 
Exact values X(G) for all finite Abelian groups G, except when every 
prime divisor of 1 G 1 is bad, were determined by Diananda and Yap [l]. 
In this exceptional case, 
I G I (m - 1)/3m < h(G) < (I G I - 1)/3, 
where m is the exponent of G. It is conjectured that in this exceptional 
case, h(G) equals its lower bound [l]. Rhemtulla and Street [4] prove 
this conjecture for elementary Abelian pgroups. 
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The structure of maximal sum-free sets in the following groups were 
completely characterized: 
(i) G is any Abelian group such that 1 G 1 has a prime divisor 
congruent to 2 module 3 [I, 51; 
(ii) G (Abelian and non-Abelian) is of order 3p, where p is a bad 
prime [6]; 
(iii) G is an elementary Abelian 3-group and G = 2, @ 2, @ Z, 
where p is a bad prime [8]; 
(iv) G = Z, where IZ is any positive integer such that every prime 
divisor p of y1 is bad [9]. 
In Section 2, we shall prove Theorem 2 which characterizes completely 
(up to a certain extent) maximal sum-free sets in Abelian groups of order 
3% (m 2 1) where n is any positive integer such that all its prime divisors 
(if any) are bad. Theorem 2 improves [I, Theorem 41. It follows that 
[6, Theorem l] and [8, Theorems 3, 41 are special cases of Theorem 2. 
In Section 3, we prove Theorems 3 and 4 from which we deduce that 
X(Z,, 0 Z,) = 112. 
In Section 4, we improve or sharpen a few results of [7]. 
We shall apply the following theorem [2]. 
THEOREM 1 (Kemperman). Let G be an Abeliun group with subsets A 
and B such that I A 1, 1 B 1 3 2. If I A + B j = I A 1 + I B 1 - 1, then 
either A +- B is quasiperiodic or A + B is in a.p. 
2. 
We now prove the following theorem. 
THEOREM 2. Let G be an Abelian group of order 3% (m > 1) where 
every prime divisor p (if n > 1) of n is bad. Let S be a maximal sum-free 
set in G. Then either there exists a nontrivial subgroup H of order ) G )/3q 
(3q 1 I G I), of G such that S is a union of cosets of H and S/H is a maximal 
sum-free set in G/H or 1 S + S* 1 = I S / + 1 S* I - 1 (S* = -S u S) 
and thus S = S + S* is in a.p. 
Proof. By Kneser’s theorem [3], there exists a proper subgroup H of 
G such that S+S*+H=S+S* and IS+S*I >IS+HI + 
IS* + HI - I HI. By Lemmas 2 and 3 of [I], we know that 
1 H I = / G 1/3q where 3q I I G 1. 
Suppose that I H / = 1. Then because I S 1 is odd, we have 
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2~S~>~S+S*~>~S~+IS*j--l>b~S~ fromwhichitfollows 
that ) S* ( = ) S I + 1, / S + S* I = ( S ( + ( S* ( - 1 and S = S + S*. 
By Kemperman’s theorem, S is either quasiperiodic or in a.p. 
Suppose that S is quasiperiodic. Then S = lJ Ki u S”, where each Ki 
in lJ Ki = S’ is a coset of a nontrivial subgroup K of G and S” is properly 
containedinaK-coset.IfIKIIIS/,thenIS+S*I#/S/+IS*I-l. 
Hence, [RI =3”n,,n=n,n,,rz,=3r+l,r32.ThenjS’I =rlKI #O 
and KC S - S from which it follows that K r\ S = $. 
Next, from S = S + S* we know that S” and S” + S” should belong 
to the same K-coset and, thus, S” C K which contradicts the fact that 
K n S = 4. Hence, S is in a.p. 
Suppose that / H 1 # 1, then it is clear that S/H is a maximal sum-free 
set in G/H and thus the same problem has been reduced to a group of 
smaller order of the same type. 
The proof of Theorem 2 is complete. 
COROLLARY 1. Assume the hypotheses of Theorem 2. If G is of exponent 
< I G 113, then S is a union of cosets of a nontrivial subgroup H, of order 
I G j/39, of G and S/H is a maximal sum-free set in G/H. 
Proof. Suppose that S = {a + ig; i = 0, l,..., 3”-% - l}. If the order 
of g is I G l/3, then S is a coset of a subgroup H, of order [ G l/3, of G. 
If the order of g is strictly less than I G l/3, then I S I < I G j/3 which is 
impossible. 
The proof of Corollary 1 is complete. 
We now consider some special cases of Theorem 2. 
Case 1. Let G = Z,, where p is a bad prime. Let S be a maximal 
sum-free set in G such that S is not a coset of H, H = {0,3,6,..., 3(p - l)), 
then there exists an automorphism 19 of G for which S = S’tI where 
s’ = {P, p + l,..., 2p - I} ([6, Theorem 11). 
Proof. If S is not a coset of H, then S = (a’ + ig; i = 0, l,..., p - l}, 
a’, g E G. 
Since (g, 3p) > 1, therefore, by taking an automorphism of G if 
necessary, we write 
S = {a + i; i = 0, I,..., p - l}. 
Now since I S* 1 = j S I + 1, therefore, we have either 
(i) a+1 +a+p-l=(mod3p),i.e.,a=p,or 
(ii) a + a + p - 2 = 0 (mod 3p), i.e., a = p + 1. 
296 YAP 
(i) gives S = (p,p + l,..., 2p - l}. (ii) gives S = (p + 1, p + 2 ,..., 2p) 
which can be mapped to (p, p + l,.. ., 2p - l} under an automorphism 
of G. 
Case 2. Let G be an elementary Abelian 3-group. If S is a maximal 
sum-free set in G, then S is a coset of a subgroup H, of order ) G l/3, of 
G ([8, Theorem 31). 
Proof. It follows from Corollary 1 that S is a union of cosets of a 
nontrivial subgroup H, of G and S/H is a maximal sum-free set in G/H. 
The statement then follows by induction on the order of G and the fact 
that subgroups and quotient groups of elementary Abelian p-groups are 
elementary Abelian p-groups. 
Case 3. Let G = Z, @ Z, @ Z, where p is a bad prime. Let S be 
a maximal sum-free set in G. Then S is a union of cosets of a subgroup H, 
of order 3 or 3p, of G ([S, Theorem 41). 
This follows immediately from Corollary 1. 
Case 4. G = Z,m, m 3 2. 
If S is not a union of cosets of a nontrivial subgroup of G, then S can 
be mapped to {3”-l, 3”-l + l,..., 2 . 3”+l - l} under an automorphism 
of G (the proof is similar to that of Case 1). It is clear that there are m 
essentially distinct (up to automorphisms of G) maximal sum-free sets Si , 
i = o,..., m - 1 in G such that each Si is a union of cosets of a subgroup 
Gi , of order 3i, of G and Si is not a union of cosets of any subgroup Gi , 
of G with j > i. We note that 
I Si + Si j = 2 I S{ / - 3i, i = 0, l,..., m - 1. 
3. 
Next we prove the following theorem. 
THEOREM 3. Let G = ZQa@ Z, , where p = 3k + 1 is a prime. Let 
Ho = KP, ON 0 [CO, 111, Hi = [(I, 91, i = 1, Z..., P, K = KP, ($1. Let S 
be a maximal sum-free set in G. If 1 S 1 > kp(p + l), then there exists 
a A such that kp + h = max{l S n Hi 1; i = 0, l,...,p} and 1 S n Kl = 
m<X<k. 
Proof. By [ 1, Theorem 51, we have kp(p + 1) < I S 1 < $(p3 - 1). 
ItisclearthatHinHi=Kforeveryi,j=O,l ,..., p,i#j. 
We know [4] that 
lSnH,l <kp. (1) 
MAXIMAL SUM-FREE SETS IN GROUPS 297 
Suppose that I S n Hj 1 < kp for every j = l,..., p. Then 
I S I G i I S n Hj I G kptp + 1). 
j=O 
Hence, if I S I > kp(p + I), then / S n Hj I > kp for at least one 
j E (1, L., PI. 
Without loss of generality, assume that 
) S n HI ) = max(] S n HI I,..., ) S n H, I}. 
Then by [ 1, Theorem 51 
I S n fh I = kp + 4 1 <A<kk. (2) 
Let I S n K 1 = m. Then m < k [l, Theorem 51. 
If h < m, then from (2), we have / S 1 < p(kp + X) -pm + kp < 
kp(p + 1) which contradicts the assumption. Hence, m < )\. 
Now, if 1 S n HI I = kp + k, then by [9, Theorem 21, 
I(S n HI) n K I = k. 
Consequently, if ( S 1 > kp(p + l), then 1 S n K ( = m -c X < k. 
The proof of Theorem 3 is complete. 
THEOREM 4. Assume the hypotheses of Theorem 3. Let 1 S n HI I = 
kp + h, HI = IJyZ, Ki where K. = K, Ki = xi + K, x1 + x1 = xp , 
x1 + x2 = x, )...) and let xi+Si=SnK,, i=O,l,..., p-l. Then 
max{l S, I,..., I SD-, I} > k + 2 and at least one Of Si is empty. 
Proof. By assumption, we have 
D-l 
ISol = m, c ) Sj 1 = kp + X - m. 
j=l 
(3) 
Without loss of generality, we assume that I& / = max{ ( S, I ,..., ( S,-, I}. 
ThenI&] >k+l. 
We first note that if IS,] =k+l, then kp+A-m>kp+l = 
(k + l)(k + 1) + (2k - 1)k. Hence, there are at least (k + 1) distinct 
i E (1, 2,..., p - l} such that ] & ] = k + 1. Then because A(&,) = k, 
among these i’s with ) Si ) = k + 1, we have (Si + Sj) n St # 4 for 
otherwise by the theorem of Cauchy-Davenport [3], we would have 
p + 2 = [ Si ( + ( Sj I + I Sz 1 < p + 1 which is not true. Hence, 
I&l >k+2. 
Suppose that each Si , i = 0, l,..., p - 1 is nonempty. Then from 
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(Si+l - Si) n S, = 4, (S1+1 - SJ u Si C K and the theorem of 
Cauchy-Davenport, we have I Si+l I + 1 & I + / S, 1 < p + 1 for every 
i=O,l ,..., p - 1. Hence, 2 Cyli 1 Si 1 < p(p + 1) - p 1 S, ( from which 
it follows that ( S n H1 I < pk which contradicts the assumption. Conse- 
quently, if 1 S 1 > kp(p + l), then at least one of Si , i = 0, I,..., p - 1 
must be empty. 
The proof of Theorem 4 is complete. 
We now provide another verification of our conjecture in [l] for 
G = & @ 2, . We shall prove that h(G) = 112. 
If h(G) > 112, then by Theorems 3 and 4, we have X = 1, m = 0 and 
I S, j 3 4. It is clear that S, = $ and that the total number of i E { 1, 2,..., 6) 
with ] Si 1 > 3 is less than or equal to 2. 
Suppose that rzl, n2, n, are the number of cosets of Ki (i # 1) such that 
I S n Ki / = 1,2, r (3 < r < I S, I), respectively. Then n, + 2n, + rnT = 
15 - I S, I with n, + rz2 + n, < 4, n, < 1. If n, = 1 with r 3 4, then it 
is clear that rzl + n2 < 2. If I S, I = 7, then it is clear that n, + n2 + IZ, < 2. 
Case i. n, = 0. 
Then max{n, + 2n, ; rrl + n2 < 4) = 8. In this case we know that 
I S, I = 7 and there are four other Si with I Si I = 2 which is impossible. 
Case ii. n,=l,r=3. 
Then max{n, + 2n, ; rzl + its < 3) = 6. In this case, we have two 
possibilities. The first possibility is that I S, / = 7 with i, j, I, m E (3, 4, 5, 6) 
such that I Si I = 3, / Si I = / S, I = 2, I S, I = 1. The second possibility 
is that I S, 1 = 6 with i, j, 2, m E {3,4, 5, 6) such that 1 Si 1 = 3, ( Si 1 = 
I SL I = 1 S, I = 2. Both these two possibilities cannot occur. 
Case iii. n, = 1, r 3 4. 
Then max{n, + 2n, ; n, + n2 < 2) = 4 from which it follows that 
I S, I 3 6. Suppose that I S, / = 7, then by the previous remark that 
n, + rz2 + n, < 2, we have either I S, ( = 7 and I St I = 6, I Sj I = 2 or 
j S, I = 7 = I Si / and / Sj I = 1. In either possibilities, {x1 + S1 , Xi + Si , 
xi + Sj> + {x1 + S, , xi + & , xj + Sj} will contain four full cosets of K. 
Hence, (1, i, j) is sum-free in 2, , which is impossible. 
Suppose that I S, I = 6, then there are i, j, 1 E {3,..., 6) such that 
1 S, j = 6 and I Sj I = I S1 / = 2 which is easily seen to be impossible also. 
Consequently, h(G) = 112. 
4. 
In this section, we shall improve or sharpen a few results of [7]. For 
the new terms and notations, the readers are referred to [7]. 
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THEOREM 5. Let G be an Abelian group of order 3% (m 3 1) where 
each prime divisor (zf n > 1) of n is bad. Then i(G,J = 3+% = h(G). 
Moreover, if (A, M) is a pair of critical subsets of G satisfying the h-condi- 
tions, then [ M/H - M/H 1 = 2 I M/H 1 - 1 (improvement of [7, Theo- 
rem 11.31). 
Proof. By the proof of [7, Theorem 11.31, we need only to show that 
[ M - M I = 2 ) M 1 and A = M - M is impossible. 
IfA=M-M,thenforeachaEA, -aEA.ButO$Aandnoneof 
the elements of A is of order 2, therefore, 1 A 1 is even which contradicts 
the fact that I A 1 is odd. 
This is the end of the proof of Theorem 5. 
THEOREM 6. Let G be the additive group of residue classes module 
n = 3k + 1 where every prime divisorp of n is bad. Then i(G,) = (n + 2)/3. 
Moreover, $(A, M) is a pair of critical subsets of G satisfying the h condi- 
tions, then M and A can be mapped onto {a -I- i; i = 2k, 2k $ l,..., 3k}, 
a E G and {f(k + I),..., &(n - 1)/2} respectively under an automorphism 
of G (sharpening of [7, Theorem 11.41). 
Proof. We have already proved that i(G,) = (n + 2)/3, I M - A4 I = 
2lMI-landA=M-M[7].WeknowalsothatMn(M+A)=$. 
Thus, by Kneser’s theorem, there is a proper subgroup K of G such that 
M+A+K=M+AandIM+AI>IM+KJ+jA+Kj--III. 
But in the proof of [7, Theorem 11.41, we know that M cannot be a union 
of cosets of a nontrivial subgroup of G and so is A = M - M. Hence, 
I1cII=l and2k>1M+Al>/MI+IA)-l=2kfromwhichit 
follows that I M + A ( = ( M I + [ A I - 1. 
Now, by Kemperman’s theorem, either M + A is quasiperiodic or is 
in a.p. 
If M + A is quasiperiodic, then M is also quasiperiodic. We then 
have M = lJ Ki u M” where each Ki in lJ Ki = M’ is a coset of K and M” 
is contained in a coset of K. Suppose that I K I = p = 3r + 1, n = pq, 
q = 3s + 1, then jM’(=sp, lM”I=r+l. Next, KCM-M, 
M” - M” C K together with A = M - M imply that A is a union of 
cosets of K which is impossible because I K ( = p + ( A I. Consequently, 
M + A is in a.p. 
Let M + A = {a’ + id; i = 0, l,..., 2k - l}. If (d, n) > 1, then 
I M + A I < 2k which is not true. Hence, (d, n) = 1 and by an auto- 
morphism of G, we can write M + A = (a + i; i = 0, l,.,., 2k - 1). 
Hence, and M = {a + i; i = 2k ,..., 3k}, M - M = {f 1, $2 ,..., fk} 
A = M - M = {f(k + l),..., &(n - 1)/2}. It is easy to verify that M 
and A given above satisfy the ;\-conditions. 
641/s/4-4 
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This is the end of the proof of Theorem 6. 
THEOREM 7. Assume the hypotheses of Theorem 6. We have d(G,) = 
(n - 1)/3 = h(G). M oreover, tf M is a subset of G satisfying the d-condi- 
tions, then M can be mapped onto {a + i; i = 2k,..., 3k) by an automorphism 
of G (sharpening of [7, Theorem 111.41). 
Proof. We have proved that d(G,) = (n - 1)/3, 1 M + A 1 = 
1 M 1 + ( A 1 - 1, M = M + A where A = M - M [7]. Now, by the 
proof of Theorem 6, A4 can be mapped onto {a + i; i = 2k,..., 3k) by an 
automorphism of G. 
This is the end of the proof of Theorem 7. 
From the proofs of Theorems 6 and 7, we have 
THEOREM 8. Assume the hypotheses of Theorem 6. Then M is a subset 
of G satisfying the d-conditions tf and only zf (A = M - M, M) is a pair 
of critical subsets of G satisfying the h-conditions. 
REFERENCES 
1. P. H. DIANANADA AND H. P. YAP, Maximal sum-free sets of elements of finite groups, 
Proc. Japan Acud. 45 (1969), 1-S. 
2. J. H. B. KEMPERMAN, On small subsets in an Abelian group, Actu Math. 103 (1960), 
63-88. 
3. B. MANN, “Addition Theorems: The Addition Theorems of Group Theory and 
Number Theory,” Interscience Tracts in Pure and Applied Mathematics, No. 18, 
John Wiley, New York/London/Sydney, 1965. 
4. A. H. FWEMTULLA AND A. P. STREET, Maximal sum-free sets in finite Abelian groups, 
Bull. Austral. Math. Sot. 2 (1970), 289-297. 
5. H. P. YAP, The number of maximal sum-free sets in C,, Nantu Math. 2 (1968), 
68-71. 
6. H. P. YAP, Structure of maximal sum-free sets in groups of order 3p, Proc. Japan 
Acad. 46 (1970), 758-762. 
7. H. P. YAP, Some addition theorems of group theory with applications to graph 
theory, Cunad. J. Math. 22 (1970), 1185-1195. 
8. H. P. YAP, Maximal sum-free sets in finite Abelian groups, BUN. Austrul. Math. 
Sot. 4 (1971), 217-223. 
9. H. P. YAP, Maximal sum-free sets in finite Abelian groups, II, Bull. Austral. Math. 
sot. 5 (1951), 43-54. 
